In this paper, we study symmetry properties of quantum complex torus in relation with Manin's quantum theta function. We first consider the classical complex torus case with the classical theta function. An invariant function under quotient action is constructed as a variant of the classical theta function. For the quantum case, the representation of crossed product algebra with given quotient group is used to analyze the symmetry properties of the quantum complex torus and to construct its orbifolds. We investigate it with Manin's quantum theta function with complex structure, the model II. The symmetry group for quantum complex n-torus turns out to be a subgroup of the symplectic group Sp(2n, Z).
Introduction
Classical theta functions [1] can be regarded as state functions on classical tori, and have played an important role in the string loop calculation [2, 3] . Recently, Manin [4, 5, 6] introduced the concept of quantum theta function as a quantum counterpart of classical theta function. In our previous work [7] , we clarified the relationship between Manin's quantum theta function and the theta vector [8, 9, 10] which Schwarz introduced earlier.
In [7] , we showed the connection between the classical theta function and the so-called kq representation which appeared in the physics literature [11, 12] , then further showed that the Manin's quantum theta function corresponds to the quantum version of the kq representation maintaining the symmetry property of the classical theta function. In the physics literature, quantum theta functions are related with noncommutative solitons [13] whose solutions are given in terms of projection operators [14, 13, 15] . Quantum theta functions maintain the symmetry property of classical theta functions which are invariant under the lattice translation. Manin's construction [5, 6] is based on the algebra valued inner product of the theta vector, a generalization of Boca's construction of projection operators on the Z 4 -orbifold of noncommutative two torus [16] .
In the algebra valued inner product, one can make the inner product of the dual algebra, the representation of the perpendicular lattice space, be invertible or proportional to the identity operator. Thus, one can make the algebra valued inner product be a projection operator. In Boca's work [16] , the projection operators on the Z 4 -orbifold of noncommutative two torus were constructed based on the algebra valued inner product that Rieffel [17] used in his classic work on projective modules over noncommutative tori.
An algebra on an orbifold can be regarded as a crossed product algebra of the original algebra with the given quotient group [18, 19, 13] . Therefore in order to find a representation of an orbifold algebra, one has to find a representation of the quotient group in the corresponding crossed product algebra. In Boca's work, the action of Z 4 -quotient was represented as the Fourier transformation, and the algebra valued inner product was evaluated with the eigenstates of Fourier transformation [16] .
A quotient group of a crossed product algebra behaves as a symmetry group acting on a module of the original algebra when certain conditions are fulfilled for the crossed product algebra to have a consistent representation. However, this symmetry is different in its nature from physical duality symmetry originated from the Morita equivalence [20] which is a kind of symmetry relation among algebras. Here, we restrict our discussion to the symmetries of algebras and their modules not related to the Morita equivalence.
In this paper, we first consider classical functions on an orbifold from the view point of quotient space and construct an invariant function on the quotient space T 2n /G where G is the symplectic group Sp(2n, Z). We then look into the representation of crossed product algebras as a way to construct orbifolds in the noncommutative case.
The organization of the paper is as follows. In section 2, we review classical invariant functions on orbifolds defined by the quotient actions of Sp(2n, Z) on T 2n . In section 3, we first review the crossed product algebra defined by an algebra and the quotient group acting on it. Then, we investigate the symmetry group of the quantum complex torus with Manin's model II quantum theta function, which turns out to be a viable function on the orbifolds of the quantum complex torus. In section 4, we conclude with discussion.
Orbifolds and classical theta functions
In this section, we first consider orbifolds from the viewpoint of quotient spaces. A classical function f on an orbifold X = M/G should satisfy
Now, we consider the case in which M is a complex torus. Let M = C n /Λ (Λ ∼ = Z 2n ) be a complex torus. If M can be embedded in a projective space CP N for some N, then it is called an abelian variety. For M to be an abelian variety, there must exist a polarization, a positive line bundle on M. A positive line bundle L on M should satisfy that
q β is pure imaginary. In particular, if δ α = 1, for all α, then the abelian variety is called principally polarized. The moduli space M of principally polarized abelian varieties is the
ImT > 0} on which Sp(2n, Z) acts as follows:
Now, we consider an action of a group G on M. In other words, a map from G × M to M, such that for every g ∈ G, g is an automorphism of M preserving complex structure T and the group structure. Then, g induces a linear map from C n to C n sending Λ to Λ. It means that g belongs to GL(n, C) and also GL(2n, Z) which is given in terms of the basis
It implies that g ∈ Sp(2n, Z). Then we can define an orbifold M/G with the preserved polarization L.
If g ∈ GL(n, C) and g ∈ Sp(2n, Z), then T ′ = g · T = T as we see below.
For g ∈ Sp(2n, Z), it acts on the basis as follows:
On the other hand, for g ∈ GL(n, C) it acts as follows:
Since the two actions should yield the same result, we get to the result that
We now consider whether the classical theta function θ is viable on the above mentioned orbifold. The classical theta function θ is a complex valued function on C n satisfying the following relation.
where Λ ′ Λ ⊂ C n is a discrete sublattice of rank 2n split into the sum of two sublattices of rank n, isomorphic to Z n , and c : Λ → C is a map and q : Λ × C → C is a biadditive pairing linear in z.
The above property reflects the fact that the classical theta function lives on C n not on (2) and (3) can be defined as
where T ∈ H n . With the above definition, c(λ) and q(λ, z) in (3) are given explicitly by c(λ) = e −πiλ t T λ and q(λ, z) = −2πiλ t z, and z ∈ C n transforms as
where "−t" denotes the transposed inverse. Under this modular transformation, the classical theta function transforms as follows.
where ξ g is an eighth root of unity depending on the group element g [1] . Now, we like to search a compatible function on the orbifold in which the complex structure is preserved, g · T = T . For this, we first try to construct a new function which has the symmetry property of the classical theta function, (2) and (3). We define a new function as a linear combination of the classical theta functions under the quotient group actions:
Clearly the above function is invariant under the quotient group action,
However, this function does not possess the symmetry property of the classical theta function (2) and (3). This is because the condition (2) is not satisfied by Θ 1 (z, T ), since
where
For the condition (3), each g · θ in Θ 1 (z, T ) in (7) gets a different factor for a lattice shift in Λ:
since again g · λ = (CT + D) −t λ = λ and belongs to Λ + Λ ′ in general. Thus the function Θ 1 (z, T ) fails to preserve the symmetry property of the classical theta function, (2) and (3), though it is a viable function on the orbifolds.
In (4), the above result was due to the product k t z in the exponent. So we need to find a new combination of this type of product under the modular transformation that preserves the complex structure. Since a symplectic product preserves the complex structures, we modify the classical theta function as follows.
Here, T is the complex structure given before, and k denotes the lattice points given by
, and z ∈ C n is given as usual with z = T x 1 + x 2 with
If we denote x as z = T x 1 + x 2 ≡ x and the same for y = T y 1 + y 2 with y 1 , y 2 ∈ R n , then
* is an invariant combination under the modular transformation,
−t x and the same for y, for any A B C D ∈ Sp(2n, Z). One can check that the above transformation of the complex coordinate x is compatible with the following coordinate transformation in the real basis.
The first term in the exponent in (11) is invariant under the modular transformation as
we shall see in the next section, and the second term is also invariant since it is a symplectic product preserving the complex structure. Thus, our modified theta function is invariant under the modular transformation, and thus it is a viable function on this type of orbifolds.
In fact, we can view this as follows. The classical theta function θ in (4) is summed over only one of the two Z n lattices Λ, Λ ′ in the 2n-torus. In our modified theta function Θ in (11) it is summed over the both lattices, thereby the lattice translation property of the classical theta function (3) is changed: The new function is invariant under the lattice translation in both directions, Λ and Λ ′ . And this modified property is preserved under the quotient group action.
In general, for a manifold M on which a group G is acting, one can define invariant functions on M under the action of the group G as the functions on the orbifold M/G as we mentioned earlier. However, this becomes Morita equivalent to a noncommutative algebra, the cross product algebra of the function spaces on M by G, which we will consider in the next section.
Symmetry of quantum torus
In order to consider the quantum theta function [6, 7] on an orbifold, we have to express the quotient group action in terms of the representation of a crossed product algebra. So, in this section we first review briefly about the crossed product algebra and its representation, then we will consider the quantum theta functions on orbifolds.
Crossed product algebra
We now consider the crossed product algebras and their representations [18, 13] .
Let B be the crossed product algebra of an algebra A with a group G denoted by B = A ⋊ G. Then for the crossed product algebra B and its representation to be well defined, the following should be set up consistently: such that
for g ∈ G and ξ, η ∈ H.
Here, A ≪ ξ, η ≫ denotes the A-algebra valued inner product to be defined below, which belongs to A. We changed the notation for the algebra valued inner product from the single bracket in our previous work [7] to the double bracket to distinguish it from the usual scalar product which we will denote with the single bracket below. The above set up requires that the actions of G on H are equivariant with respect to the representation ε of G by Aut(A):
We apply the above framework to our case. We consider the algebra A to be a quantum torus T 2n θ . In general, a finitely generated projective module over T Now, let M be any locally compact Abelian group and M be its dual group and define
where α is a map α :
We also define S(D) as the space of Schwartz functions on D which we take as a discrete subgroup of G. For Φ ∈ S(D), it can be expressed as Φ = w∈D Φ(w)e D,α (w) where e D,α (w)
is a delta function with support at w and obeys the following relation.
The algebra valued inner product appeared in (14) supressing the subscript A can be defined
where < f, π w h > defined in the next subsection is a scalar product on a Hilbert space.
Finally, let ε be a group homomorphism from G to Aut(S(D)). We define the crossed
can be expressed as g∈G b g g, where
we define a multiplication * ε consistent with (15) as
where we used g · c g ′ g −1 = ε(g)(c g ′ ) in the third line, and
Here we note that in the above construction of crossed product algebra the group action on A denoted by the homomorphism ε provides an equivalent representation with the original one due to the condition (15) . This is in agreement with the classical notion of orbifold that the quotient group of the orbifold acts as a symmetry group of the covering space, in which case the representations of the algebra acting on the covering space are related by similarity transformations determined by the symmetry (group) actions just as in (15).
Symmetry transformations
In [6] , Manin constructed the quantum theta function in two ways which he called model I and model II. The model I basically follows the Rieffel's way of constructing projective modules over noncommutative tori. Thus in the model I, one deals with holomorphic Schwartz functions on R n for complex n-torus. And the scalar product is defined as
where η(x 1 ) denotes the complex conjugation of η(x 1 ), and dµ(x 1 ) denotes the Haar measure in which Z n has covolume 1.
While in the model II, one deals with holomorphic functions on C n , and the scalar product is defined as
where dν is the translation invariant measure making Z 2n a lattice of covolume 1 in R 2n .
Here, x = T x 1 + x 2 as defined earlier with the complex structure T given by n × n complex valued matrix and x 1 , x 2 ∈ R n , and H T (x, x) = x t (ImT ) −1 x * as in (12) . Now, we do the analysis with the model II quantum theta function. Recall that we need to define the following for a crossed product algebra B = A ⋊ G:
From now on, we take D as a discrete subgroup of R n × R n . Let A be S(D) valued functions on H n . More explicitly
Then a(T ) = w∈D a T,w e(w), where a T,w ∈ C.
Let H be a Hilbert space;
where x ∈ R n × R n , T ∈ H n and from here on H T (x, y) that we used above denotes H T (x, y) defined in section 2 for notational convenience. In other words, H are global sections of H, a vector bundle over H n , where the fiber over T is
Let the group G be Sp(2n, Z) and we now carry out the steps (I) through (IV) that we listed above.
(I) Before we define π, we need to define a map π 0 from S(D) to End(H):
Let a ∈ A, where a(T ) = w a T,w e(w). Now, we define π as follows.
(II) We define u as follows.
x, and g·T = (AT +B)(CT +D) −1 .
For the remaining steps we need to use the following two lemmas.
Lemma 1 :
Lemma 2 :
Proof of the lemma 1.
We first want to show that
Then the proof of the lemma 1 is given by the following steps.
Thus, we only have to show (30). We can prove it with the three generators of Sp(2n, Z) [1] .
For the first two cases, (30) can be shown trivially. For the case iii), we need to show the following:
Now, we prove (34).
Then the statement we want to prove becomes T
The left hand side of (35) is 
Proof of the lemma 2:
The left hand side of (29) is
and the right hand side of (29) is
Let a(T ) be a T,w e(w). The left hand side can be evaluated as follows.
If we define ε(g)(a)(T ) = w a g·T,w e(g −1 · w), then the right hand side is given by
In the last equality we used the lemma 1.
So those two sides are equal. In the same way we can easily see the following.
and the right hand side is
showing that the both sides are equal.
(IV) We define an A-valued inner product on H as follows.
In other words if a =≪ f, h ≫ then a T,w =< f, π w h > T . Now, we want to check that ε(g) ≪ f, h ≫=≪ u(g)f, u(g)h ≫ holds.
Recall that
The left hand side is given by
The right hand side is given by
where we used the lemma 2 and (36).
Orbifolds of quantum complex torus
We consider the orbifolds of quantum torus with a polarized complex structure T . Then the symmetry group preserving the polarized complex structure is the subgroup
The orbifolds of quantum complex torus with a complex structure T correspond to the crossed product algebra discussed in the previous section with fixed T .
Then, we can define the crossed product algebra, A T ⋊ G T , naturally from the construction in the section 3.2:
Here, π T , u T , ε T , ≪, ≫ T , f T satisfy the following relations:
and thus ≪ 1, 1 ≫ which belongs to the al-
H T (w,w) e(w) is the Manin's model II quantum theta function, this also tells us that the model II quantum theta function is viable on the orbifolds of quantum complex torus. We further notice that Boca's projection operator [16] on the Z/4Z orbifold of quantum 2-torus with T = i corresponds to a special case of this construction.
Conclusion
In this paper, we investigate symmetry transformations on complex torus and its orbifolds in connection with the quantum theta function.
First, we investigate the classical complex torus case. It was shown that the orbifold group for complex n-torus leaving the complex structure and its polarization intact is the subgroup of the symplectic group Sp(2n, Z). Noticing that the classical theta function is not invariant under the Sp(2n, Z) transformations, we construct a variant of the classical theta function which is invariant under the transformations of Sp(2n, Z). This modified function turns out to be also invariant under the lattice translations.
In the quantum case, we investigate the issue with Manin's quantum theta function with complex structure, the model II.
In the model I case, the dimension of the Hilbert space variable x 1 , which is n for quantum T 2n , does not match the dimension of the fundamental representation of the quotient group Sp(2n, Z), which is 2n. While in the model II case, the dimension of the Hilbert space variable x = (x 1 , x 2 ) exactly matches that of the group. Therefore in the model I case the group action cannot act directly on the variables of the Hilbert space. Thus one has to devise the transformation action such as Fourier transformation as in the Boca's work [16] , where Z 4 action acts directly on the module itself as a Fourier transformation of the functions that belong to the module, not on the variables of the module. This type of difficulty comes from the fact that in the model I case the number of variables of the module is half of that of the phase space as it is typical in the conventional quantization.
In the model II case, the above mentioned difficulty does not exist. The quotient group action can be defined nicely on the module as it acts on the variables. However, as we know well in the conventional quantization, we cannot make the whole phase space variables into the (commuting) variables of the Hilbert space, the module. A special construction corresponding to this type of situation has appeared in the physics literature already as kq representation [11, 12] as we discussed in our previous work on the quantum theta funciton [7] . Notice, however, that there is a little difference here. In the kq representation, only the integral lattice was considered where the lattice translations are commuting in any directions.
While in the model II case, the lattice translations are not commuting in general. Therefore the variables of the Hilbert space in the model II case should be considered differently from those coming from phase space variables as they are 2n dimensional commuting variables.
In conclusion, in the model II case the characteristic of the complex n dimensional quantum torus appears only as the property of the operators acting on the module whose variables are complex n dimensional commuting variables, and Sp(2n, Z) turns out to be the symmetry group for the quantum torus times H n . The orbifolds of quantum complex torus correspond to the crossed product algebra, S(D) ⋊ G T , where G T is the subgroup of Sp(2n, Z) fixing the complex structure, g · T = T for g ∈ Sp(2n, Z). It was also shown that Manin's model II quantum theta functions are viable functions on the orbifolds of quantum complex tori.
